Abstract. In this paper we introduce and study lacunary statistical convergence for double sequences of fuzzy numbers and we shall also present some inclusion theorems.
Introduction
The concept of fuzzy sets was first introduced by Zadeh [19] . Bounded and convergent sequences of fuzzy numbers were introduced by Matloka [9] . Matloka has shown that every convergent sequences of fuzzy numbers is bounded. Later on sequences of fuzzy numbers have been discussed by Nanda [11] , Nuray and Savas [13] , Nuray [12] , Kwon [8] , Mursaleen and Basarir [10] and many others.
The natural density of a set A of positive integers is defined by
where |{k ≤ n : k ∈ A}| denotes the number of elements of A ⊆ N does not exceeding n. It is clear that any finite subset of N have zero natural density and δ (A c ) = 1 − δ (A) . If a property P (k) holds for all k ∈ A with δ (A) = 1, we say that P holds for almost all k, that is a.a.k.
The concept of statistical convergence was introduced by Fast [4] , Buck [2] , Schoenberg [17] studied statistical convergence as a summability method and listed some of elementary properties of statistical convergence.
A sequence (x k ) is said to be statistically convergent to L if for every ε > 0,
By the convergence of a double sequence we mean the convergence in Pringsheim's sense [14] . A double sequence x = (x k ) has Pringsheim limit L (de-
Some works in the direction of double sequence is due to Altay and Başar [1] and Tripathy [18] .
A compact and convex} . The space C (R n ) has a linear structure induced by the operations A + B = {a + b : a ∈ A, b ∈ B} and λA = {λa : a ∈ A} for A, B ∈ C (R n ) and λ ∈ R. The Hausdorff distance between A and B of C (R n ) is defined as:
It is well known that (C (R n ) , δ ∞ ) is a complete (not separable) metric space. A fuzzy number is a function X from R n to [0, 1] which is normal, fuzzy convex, upper semi-continuous and the closure of {x ∈ R n : X (x) > 0} is compact. These properties imply that for each 0
denote the set of all fuzzy numbers. The linear structure of L (R n ) induces the addition X + Y and the scalar multiplication λX, λ ∈ R, in terms of α-level sets, by
, where δ ∞ is the Hausdorff metric. Clearly
separable and locally compact metric space [3] . Throughout the paper, d will denote d q with 1 ≤ q < ∞. Definition 1.1. Let K ⊆ N × N be a two-dimensional set of positive integers and let K (n, m) be the numbers of (i, j) in K such that i ≤ n and j ≤ m. Then the two-dimensional analogue of natural density can be defined as follows.
The lower asymptotic density of a set K ⊆ N × N is defined as
In case the sequence (K (n, m) /nm) has a limit in Pringsheim's sense then we say that K has a double natural density and is defined as
i.e., the set K has double natural density zero, while the set {(i, 2j) : i, j ∈ N} has double natural density 1/2 (see [15] ).
of fuzzy numbers is said to be convergent in the Pringsheim's sense or P -convergent if for every ε > 0 there exists N ∈ N such that d (X k , X 0 ) < ε whenever k, ≥ N and we denote by P − lim X = X 0 . The number X 0 is called the Pringsheim limit of X k , see [15] .
We will denote the set of all bounded double sequence by 2 ∞ (F ) , see [15] . Definition 1.4. A sequence X = (X k ) of fuzzy numbers is said to be statistically convergent to a fuzzy number X 0 if for every ε > 0,
In this case we write st 2 −lim X k, = X 0 , and we denote the set of all statistically convergent double sequences by st 2 , see [15] .
By a lacunary sequence we mean an increasing integer sequence θ = {k r } such that k 0 = 0 and h r = k r − k r−1 → ∞ as r → ∞. Throughout this paper the intervals determined by θ will be denoted by I r = (k r−1 , k r ] , and the ratio k r /k r−1 will be abbreviated by q r . The space of lacunary strongly convergent sequences was defined by Freedman et al. [5] as follows :
Later on lacunary sequence have been discussed in (see Firdy and Orhan [6] , [7] , Savaş and Patterson [16] ).
The following concepts are due to Savaş and Patterson [16] . By a double lacunary sequence, we mean an increasing sequence θ r,s = {(k r , s )} of positive integers such that
Notations: k r,s = k r s , h r,s = h rhs Throughout this paper, the intervals determined by θ r,s will be denoted by will be abbreviated by q r ,q s , respectively and q r,s = q rqs .
We define the lacunary statistical analogue for double sequences X = (X k ) of fuzzy numbers. Definition 1.5. A sequence X = (X k ) of fuzzy numbers is said to be lacunary statistically convergent to a fuzzy number X 0 if for every ε > 0,
In this case we write s θ t 2 − lim X k = X 0 , and we denote the set of all statistically convergent double sequences by s θ t 2.
Main results
In this section we prove the results of this paper.
Now we write,
This completes the proof. 
By the definition of X k P → X 0 (s θ t 2 ) given ε > 0 there exists r 0 ∈ N such that Let n and m be such that k r−1 < m ≤ k r and I s−1 < n ≤ I s . Therefore we obtain the following:
on the result follows immediately. 
which proves the theorem. 
Proof. Suppose that st 2 − lim X k = X 0 and s θ t 2 − lim X k = X 0 and that 
